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T
he solution of reactive ¯ ow problems with radiative heat transfer requires a radiation
model which is simultaneously accurate, fast and compatible with the algorithm
employed to solve the transport equations. In the present paper, a review of the most

commonly used methods to predict radiative heat transfer in combustion chambers is
presented. Among them, three methods that satisfy the above requirements are described in
more detail; namely the discrete transfer, the discrete ordinates and the ® nite volume method.
Some examples of results obtained for simple test cases are presented where predictions
obtained with some of the most well known models are compared. An important issue within
the radiation modelling domain is the evaluation of the radiative properties of gases and
particulate matter that are commonly found in the combustion products. Therefore, in the
second part of the paper, the problems related to the evaluation of the radiative properties of the
combustion products, i.e. participating gaseous species and particles, are focused and the
methods used to solve these problems are described.
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1. INTRODUCTION

Radiative heat transfer plays an important role in several
engineering problems, namely in aeronautics, astronautics
and mechanics, and it is the dominant heat transfer
mechanism in many industrial combustion equipment,
including boilers and furnaces. Hence, the accurate predic-
tion of the heat transferred by radiation is a key issue in the
design and operation of combustion chambers. In this case,
the calculation of radiative heat transfer is part of a more
complex problem which involves the numerical simulation
of a turbulent reactive ¯ ow. Based on these considerations,
the study of energy transfer through media that can absorb,
emit and scatter has received increased attention in the past
two decades. This interest stems from the complicated and
interesting phenomena associated with combustion chambers
at high temperatures where radiation heat transfer plays a
dominant role. The dif® culty in the exact calculation of
multidimensionalradiative transfer in absorbing-emittingand
scattering media has led researchers to develop approximate
schemes.

In the present paper, a review of the most commonly used
methods to predict radiative heat transfer in combustion
chambers is presented. Their advantages and disadvantages
are discussed and a comparison between their performance
for several test cases is presented. Further on, attention is
given to the methods used in engineering problems to
predict the radiative properties of the combustion products.

2. THE RADIATIVE HEAT TRANSFER EQUATION

The radiative transfer equation (RTE) is a mathematical
statement of the conservationprinciple applied to a pencil of

radiation (ray) travelling along a path through a medium.
Radiation travelling along a path is attenuated by absorption
and scattering (out scattering), and is enhanced by emission
and by radiation in-scattered from other directions. All these
effects can be easily detected in the RTEÐ see, e.g. Siegel
and Howell1 and Modest2. The radiative transfer equation
can be expressed as:

dI k

ds = - (j k + j k s)I k + j k Ibk +
j k s
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+¥

0
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where I k is the spectral radiation intensity, Ibk is the spectral
radiation intensity for a black body, j k is the spectral
absorption coef® cient of the medium, j k s is the spectral
scattering coef® cient and U (s 9 ! Ws, k 9 ! k )d X 9 d k 9 / 4p repre-
sents the probability that radiation of wavelength k 9
propagating in the direction Ws 9 and con® ned within the
solid angle dX 9 is scattered to the directionWs and wavelength1.
On the right hand side the ® rst term represents the loss of
energy by absorption and out-scattering, followed by the
gain of energy due to emission and the last term represents
the gain of energy by in-scattering. For the particular case
where the combustion products do not scatter light we have
j k s = 0 and integration of equation 1 over all wavelengths
yields:

dI

ds = j I +
j r T 4

g

p
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Two major dif® culties may easily be identi® ed in the
analysis of the RTE (equation (1)). First, the RTE is an
integro-differential equation and an exact solution may only
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be obtained after simplifying assumptions such as uniform
radiative properties of the medium and homogeneous
boundary conditions. Additionally, most engineering sys-
tems are multidimensional, the medium is not homogeneous
and radiative properties are spectral in nature. Therefore, it
can be concluded that the exact solutions for the RTE are not
practical for engineering applications. The second problem
deals with the evaluation of all the coef® cients (scattering
and absorption coef® cients of the combustion products;
shape of the phase function) present in the RTE which
depend on wavelength, gas composition, temperature,
pressure, type of particles, etc. These two main problems
may be partially eliminated through the use of models
capable, in one hand, of simplifying the integro-differential
equations that need to be solved, and, on the other hand, to
predict the radiation properties of the combustion products
with a similar accuracy.

In the next section, special attention will be given to the
most common methods developed to solve the radiation heat
transfer inside the combustion chamber, namely the zone
model, the Monte Carlo method and the ¯ ux methods,
amongst others. Three of the most attractive methods, as far
as accuracy and computational requirements are concerned
(as well as the ¯ exibility to be incorporated in reactive ¯ uid
¯ ow codes), are the discrete transfer3,4, the discrete
ordinates5,6 and the ® nite volume method7,8. A more detailed
description of these methods is included in the next section.
In the following section results obtained using the most
popular models previously mentioned are compared for
simple test cases. Section 5 will be dedicated to the methods
used in most engineering problems to evaluate the radiation
properties of combustion products while major conclusions
are summarized in the ® nal section.

3. SOLUTION METHODS

The RTE is an integro-differential equation, and its exact
solution can only be obtained for very simple cases, such as
one-dimensional problems or when uniform radiative
properties of the medium and homogeneous boundary
conditions are assumed. Crosbie and Dougherty9 presented
a detailed review of one-dimensional exact solution
methods. Exact solutions for multi-dimensional cases have
been presented in the literature10±13. Most engineering
systems are multidimensional and spectral variation of the
radiative properties must be accounted for when solving the
RTE if accurate predictions are desired. Therefore, the exact
solutions for RTE are not practical for engineering
applications. Consequently, it is necessary to introduce
simplifying assumptions before attempting to solve the
radiative heat transfer problem. During the last few decades
numerous methods to solve the RTE have been developed.
A survey of the literature published over the past years is
presented, for example, by Viskanta and MengucË 14,
Howell15 and Modest2.

Zone Method

The zone method (also known as zoning method, zonal
method or, most frequently as Hottel’ s zonal method),
presented by Hottel and Cohen16 and Hottel and Saro® m17,
is probably the most used method to predict radiative heat
transfer in combustion chambers. In this method, the system

is divided into surface zones and gas zones. Direct exchange
factors for gas±gas, gas±surface, and surface±surface zone
interchange have to be available or calculated. Knowing the
values of these factors, it is possible to calculate the net
exchange factor for any pair of zones. The resultant factors
are used to form a set of energy balances, one for each zone,
and, by simultaneous solution, the gas and surface space
temperature distributions and the heat ¯ uxes along the
surfaces are determined.

Although simple and very attractive, the zone method has
several limitations. Firstly, for complex geometries, the
direct exchange factors are frequently not available and its
evaluation may become impractical. Secondly, it is dif® cult
to couple the zonal method solution procedure with the ¯ ow
® eld and energy equations which are usually solved using
® nite difference (or ® nite element) techniques. However, it
should be mentioned that the computer time required by the
present method is usually smaller that the time consumed by
its most direct alternatives. The zone method has been
extensively used to predict the radiative heat transfer in
three-dimensional rectangular enclosures18±21. For cylindri-
cal geometries, the zone method was applied, for example,
by Steward and Cannon22, Wu and Fricker23, Heap et al.24

and SelcË uk et al.25.

Monte Carlo Method

The Monte Carlo Method, Howell and Perlmuter26, is a
statistical method. Although there are many different
versions of Monte Carlo methods, they are all based on
following the probable path of a discrete bundles of energy,
the `photon’ , until their ® nal absorption in the system (wall
or gas). Usually the path is determined at each point of
emission, re¯ ection or absorption by a random choice from
the possible paths. This choice takes into account the
radiative properties of the medium and the walls. The
energy emitted from the surface is related to the number of
bundles originating from that surface. After leaving the
surface, the photon may be absorbed by the gas (determined
by a random choice based on the gas absorption coef® cient).
In that case, a new photon is sent with a new randomly
chosen direction (based on the scattering characteristics of
the gas). If it is not absorbed by the gas, the photon will
reach a wall. Here a random choice, taking into account the
surface absorptivity, will determine whether the photon is
absorbed or re¯ ected. If the former happens, the ray’ s
history is terminated. If it is re¯ ected, the new direction is
chosen by a random choice. Heat balance of the surfaces and
gas are related to the number of photons absorbed versus
those emitted.

To have some statistical signi® cance, a large enough
sample of energy bundles must be followed. The Monte
Carlo method can easily be used for any complex geometry.
In principle, as the number of photons followed increases to
in® nity, the method should converge to the exact solution.
Nevertheless, the results obtained with this method are
always affected by a statistical error. Although the present
method is very ¯ exible, its major disadvantage is once again
related to the compatibility problem with the solution
method used to solve the ¯ ow equations. The Monte Carlo
method has been successfully employed to solve radiation
heat transfer problems in multi-dimensional enclosures and
furnaces22,27.
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Flux Methods

Flux models are based on the use of some simplifying
assumption for the angular variation of the radiation
intensity at any point. The mathematical model of the
radiation ® eld at the point then takes the form of a set of
simultaneous partial differential equations with respect to
positions in terms of the unknown parameters in the
approximate angular representation of intensity variation.
The ¯ ux models have emerged from studies in Astro and
Nuclear Physics. In these ® elds these methods were mainly
used in a one-dimensional form. It was only in the early
seventies that the ¯ ux models attracted the interest of
combustion engineers and they were extended to two and
three-dimensional situations.

Schuster-Hamaker Type of Models
Models of this type (see Hamaker28) use the simplest and

least accurate representation of the intensity variation: plane
parallel radiation is assumed in each dimension. For each
dimension, two differential equations are produced by
carrying out radiative energy balances for forward and
backward directions. The four-¯ ux model of Gosman and
Lockwood29 and the six-¯ ux models of Patankar and
Spalding30 are of this kind.

Schuster-Schwarzschild Type of Models
The basis of these models is to subdivide the total solid

angle surrounding a point into smaller solid angles in each
of which intensity is assumed to be uniformÐ see
Abramzom and Lisin31; Spalding32. Discontinuous changes
in intensity occur in passing from one smaller solid angle to
any adjacent smaller solid angle. Integration of the equation
of radiant energy transfer for each smaller solid angle, in
turn, produces a group of partial differential equations in the
unknown intensities. Four-¯ ux models of Schuster-
Schwarzschild type for axisymmetrical radiation ® elds
were proposed by Lowes et al.20, Richter and Quack21 and
Siddal and SelcË uk33. A six-¯ ux model of the same type for
three-dimensional radiation ® eld was proposed by Siddal
and SelcË uk34. For an absorbing, emitting and scattering
medium, Spalding32 suggested a similar six-¯ ux model for
cylindrical geometries.

Spherical Harmonic Models
An elegant way of avoiding the solution of the integro-

differential RTE is through the use of expansions of the
local intensity in terms of spherical harmonics, with
truncation to N terms in the series, and substitution into
the moments of the differential form of the equation of
transfer. This approach leads to the P-N approximations, see
Jeans35 and Viskanta36, where N is the order of the
approximations. As N approaches in® nity, the solutions
obtained became exact. Usually, odd orders are employed,
especially P1 and P3. Going to P5, an additional increase in
accuracy is obtained, while the complexity of the calcula-
tions becomes more cumbersome. The reasons for avoiding
even orders are discussed by Viskanta and MengucË 14 and
Howell15. The accuracy of the Spherical Harmonic model
for axisymmetrical radiation ® elds were tested by various
researchers37,38.

Discrete Ordinates Approximations
The discrete ordinates method39 relies on a discrete

representation of the directional dependence of the radiation
intensity. The total solid angle surrounding each point is
subdivided into smaller solid angles in each of which a
direction for the intensity is speci® ed. Application of
equation of radiant energy transfer into each direction
produces differential equations in terms of the unknown
intensities in the speci® ed directionsÐ see Chandrasekhar39

and Truelove40. For the particular case of non-scattering
media, equation 2 may be written as follows for any discrete
direction Wsi:

n i
¶Ii

¶x + g i
¶Ii

¶y + l i
¶Ii

¶z = - j Ii + j Ib (3)

where n i, g i and l i are the direction cosines of direction i and
Ib is the total black-body radiation intensity. This equation is
integrated over each control volume, yielding a relationship
between the volume average intensity, IPi

, and the radiation
intensities entering (subscript i) and leaving (subscript e) the
control volume:

IPi =
j V c Ibi + | n i | AxIxi ,i + | g i | AyIyi ,i + | l i | AzIzi ,i

j V c + | n i | Ax + | g i | Ay + | l i | Az

(4)

In this equation, V stands for the volume of the cell and
Ax, Ay and Az denote the areas of the cell faces normal to
directions x, y and z, respectively. The parameter c relates
the incoming and outgoing radiation intensities to the
volume average intensity according to the following
relations:

IPi = c Ixe,i + (1 - c )Ixi,j
(5a)

IPi = c Iye,i + (1 - c )Iyi,i
(5b)

IPi = c Ize,i + (1 - c )Izi,i
(5c)

The most common values of c are c = 1 / 2 (diamond
scheme) and c = 1 (step scheme). The boundary conditions
may be written as follows:

Ii = e wIbw +
1 - e w

p
n j<0

wjIj | n j | (6)

where wj is the quadrature weight associated with the
direction j.

The numerical solution of equation (4) is carried out
starting from one of the corners of the computational
domain, depending on the sign of the direction cosines. In
each iteration, and for each one of the selected directions,
the radiosity of the boundaries and the internal radiation
sources in each cell are either known or guessed from the
values computed in the previous iteration. Hence, all the
control volumes are visited to compute the radiation
intensities IPi

according to equation (4) and using the
auxiliary relations (5a±c). After all the directions have been
treated, the radiosities of the boundaries and the radiation
sources may be updated and the iteration process continues
until the convergence criterion has been achieved. The
extrapolation of the outgoing intensities according to
equations (5a±c) may yield negative intensities if c < 1,
which is not physically realistic. To minimize this problem,
the radiation intensitiesare set to zero in such a case and IPi

is
recalculated. In this way no negative intensities appear,
althoughnumerical oscillations in the solution may still arise.
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The ® nite volume method
The ® nite volume method7,8 has many similarities with

the discrete ordinates method. The magnitude of radiation
intensity is also assumed constant in each discrete direction,
and the radiative transfer equation is solved for a set of
discrete directions which span the total solid angle of 4 p .
However, to obtain the discrete equations, the radiative
transfer equation is integrated over each control volume and
over each solid angle in which the space is discretized:

D X i D V

dIi

ds
dV dX i =

D X i D V

(- j I + j Ib)dV d X i (7)

Applying the Gauss divergence theorem, this equation
reads as:

D X i D A

Ii Wsi.Wn dA d X i =
D X i D V

(- j I + j Ib)dVdX i (8)

Whereas in the discrete ordinates method the direction Wsi

is taken as a constant within the solid angle D X i, in the ® nite
volume method it varies, following the variation of the polar
angle h and the azimuthal angle w within D X i. Therefore, a
different discretized equation is obtained, which may be
written as follows:

IPi =
c j IbV D X i + Di,cxAxIxi ,i +Di,cyAyIyi ,i +Di,czAzIzi ,i

c j V D X i + Di,cxAx + Di,cyAy + Di,czAz

(9)

where

Di,cx =
D X i

Wsi.Wi d X i, Di,cy =
D X i

Wsi
Wj dX i,

Di,cz =
D X i

Wsi.Wk d X i (10)

and

D X i =
D w i D h i

sen h dh dw (11)

The discrete ordinates equation (4) would be recovered
from (9) by replacing Di,cx, Di,cy and Di,cz by | n i | , | g i | and | l i | ,
respectively, and by deleting D X i from the numerator and
the denominator. The boundary conditions may be written
as follows:

Ii = e wIbw +
1 - e w

p
Wsj.Wn < 0

Ij

D X i

| Wsj.Wn| d X i (12)

where Wn denotes the normal to the boundary. The solution
procedure is similar to that described for the discrete
ordinates method.

The ¯ ux methods previously presented have several
advantages. The extension to these methods to include
anisotropic scattering is straightforward, which is a very
useful tool in modelling combustion systems where the
presence of particles is an important factor. Additionally,
these models have also been used widely because the
differential form of the resulting radiative transfer equations

makes them compatible with the algorithm used for the ¯ ow
and energy equations simulation.

Hybrid Methods

The methods discussed in this section present some
disadvantages. In order to avoid these disadvantages, and
additionally use the desirable characteristics of the different
models, several hybrid radiative transfer models have been
developed during the last few years. One of them is the
Discrete Transfer model, a method that has its origin in the
¯ ux model but also exhibits features of the Hottel zone and
Monte Carlo techniques. Presented by Lockwood and
Shah4, it was specially developed for predicting radiative
heat transfer in combustion chambers.

The discrete transfer method
The discrete transfer method3,4 is based on the solution of

equation (2) along speci® ed directions. The physical domain
is divided into control volumes and the temperature and
absorption coef® cient of the medium are taken as constant
in each one of them. Then, the central point P of each cell on
the boundary is determined and a semihemisphere centred in
P is considered and subdivided into a given number of solid
angles. Each solid angle de® nes a direction along which the
radiative transfer equation is solved. Hence, given a point P
at the centre of a cell face on the boundary, a radiation beam
is ® red from P for each one of the directions selected above.
The path of a radiation beam is followed until it hits another
boundary. Let Qi be the impingement point. Although, in
general, Qi is not the central point of a boundary cell, it is
assumed that the radiation intensity at Qi and at the central
point of the cell containing Qi are equal. Then, starting from
Qi, the path of the beam is followed back to the origin P and
the radiative heat transfer equation is integrated analytically
along this path yielding:

In+ 1 = Ine
- j d s +

r T 4
g

p
(1 - e- j d s) (13)

where d s is the distance travelled by the radiation beam
within the control volume, and In and In+ 1

are the radiation
intensities entering and leaving the control volume,
respectively. The incident radiative heat ¯ ux at point P,
Gp, is calculated by adding up the contributions due to all
the radiation beams that reach point P:

GP =
i

IPQi
WX PQi .Wn D X PQi

(14)

where the summation extends over all those beams, one for
each solid angle resulting from the discretization of the
semihemisphere centred in P. In this equation, X PQi

denotes
the unit vector along the direction de® ned by P and Qi, and Wn
is the unit vector normal to the wall in point P.

The solution of the radiative heat transfer requires as a
boundary condition knowledge of the wall temperature
distribution or heat ¯ uxes at the walls. If the wall
temperature is prescribed, the boundary condition may be
written as:

JP = e w r T4
w + (1 - e w)GP (15)

where JP is the radiosity in point P and e w is the wall
emissivity. The calculation procedure is iterative, unless
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e w = 1, because the radiation intensities at the starting
points Qi, given by JQi

/ p , are not known a priori.
The Discrete Transfer method presents several advan-

tages, namely: it is ¯ exible (complicated geometries can be
easily handled); it is easy to control the accuracy and the
computer time required through the variation of the number
of rays used (keeping the same grid), without increasing
storage; and it is easily used for Cartesian, cylindrical or
spherical coordinatesÐ the form of the equation to be
solved is exact the same; only the calculations of the
intersections between rays and cells is different.

Due to the aforementioned advantages the Discrete
Transfer method has been employed, together with solut-
ions of the ¯ ow equations, to address a variety of problems
such as computing the performance of industrial glass
furnaces41±44, calculating the working conditions of a gas
turbine combustor45 and predicting the performance of a
pulverized fuel ® red furnace46±48.

There are some constraints attached to the Discrete
Transfer model. The more notorious one is related with the
dif® culty of extending the model to anisotropic scattering
problems. Nevertheless, for isotropic situations, the Discrete
Transfer method presents very good results, as reported by
Carvalho et al.49,50. In addition, the discrete transfer method
is not conservative which is a disadvantage when coupling
the method to a CFD code where the governing equations
are often solved using a ® nite volume method which is
conservative. The reason for this behaviour has been
examined by Coelho and Carvalho51 and a conservative
formulation has been proposed and evaluated by those
authors.

4. COMPARISON OF METHODS

Several authors have published comparisons between the
performance of different radiative models using simple test
cases or experimental data (References 14, 50 and 52, and
the references cited therein). In this section, a few examples
are reviewed in order to highlight the potentialities of the
different models addressed.

Two dimensional rectangular enclosure
In the ® rst test case, a two-dimensional square enclosure

with black walls and zero emissive power was studied. The
absorption coef® cient of the medium is j = 1 m-1 and the
emissive power is one. Calculations were performed using a
grid with 10 ´10 control volumes. The results reported were
published by Coelho et al.52. The numerical solutions
obtained by those authors for the Discrete Transfer, Discrete
ordinates and Finite Volume method are shown in Figure 1.
For the Discrete Transfer method, 2 ´5 rays were used per
octant; Discrete Ordinates results were obtained using an S8
approximation, while the same number of directions were
also used for the Finite Volume calculations. Results in
Figure 1 are compared with the exact solution reported by
Shah3 and indicate that the Discrete Transfer method is the
most accurate for the present test case.

Two-dimensional cylindrical enclosure containing an
absorbing-emitting medium

The Discrete Transfer predictions were compared with
experimental results obtained by Wu and Fricker23 in a
cylindrical axisymmetric furnace of the Industrial Flame

Research Foundation. Predictions were also compared with
Discrete Ordinates method results using S2 and S4

approximations53,54.
The furnace geometry, radiative properties of the medium

and walls, and the measured temperatures inside the furnace
are shown in Figure 2. The wall heat ¯ ux predicted using the
Discrete Transfer method is compared with experimental
results and with the predictions obtained with S2 and S4

approximations.The size of the mesh was 3 ´17 and 32 rays
per node were used. The comparison is also shown in Figure
2 (where, for simplicity, only the S2 and S4 approximations
obtained by Jamaluddin and Smith54 are shown). The
Discrete Transfer results clearly agree with the measured
values, showing similar predictions to the discrete ordinates
S4 approximations. The peak heat ¯ ux which occurs near the
burner exit is well predicted by all the methods.

Three-dimensional rectangular enclosure containing an
absorbing-emitting medium

The M3 trial case (Flame 10) for the three-dimensional
rectangular furnace of the International Flame Research
Foundation is now considered. The data was taken from
Hyde and Truelove55 and Carvalho et al.49 and is presented
in Table 1 and Figure 3.

The results obtained with the Discrete Transfer method,
using a 18 ´6 ´6 mesh and 32 rays per node, were
compared with the S2, S4, S6 and S8 discrete ordinates
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Figure 1. Comparison of non-dimensional heat ¯ uxes predicted by different
radiation models. (Taken from reference 52).

Figure 2. Wall heat ¯ ux predictions by different radiation models for the
IFRF axi-symmetric furnace.



predictions56 and the zone model results55. Shown in Figure
4 are the incident radiant ¯ uxes to the ¯ oor and the roof of
the furnace. The results clearly show the good performance
of the Discrete Transfer method for the calculation of heat
transfer in a three-dimensional enclosure containing an
absorbing-emitting medium.

Three-dimensional rectangular enclosure containing an
absorbing-emitting medium with a source term

The three-dimensional absorbing-emitting case studied is
based on the idealized furnace presented by MengucË and
Viskanta57. Table 2 describes the furnace and the boundary
conditions, where a ® nite source term was used.

The results obtained with the Discrete Transfer method,
using a 10 ´5 ´5 mesh and 32 rays per wall node, were
compared with the discrete ordinates predictions, ® nite
volume52, and the zone model results57. The predicted gas
temperature along the centrelines of the planes x = 0.4, 2.0
and 3.6 m is displayed in Figures 5a, 5b and 5c, respectively.
The computed net heat ¯ uxes at the south and north walls
(x = 0 and x = 4 m, respectively) are shown in Figures 6a
and 6b.

The gas temperatures calculated using the DOM and the
diamond scheme are in good agreement with the zone
method (ZM) solution at the centre of the wall but the

curvature of the pro® le is higher. Moreover, the net ¯ ux at
the south wall exhibits oscillations, and at the north wall the
net ¯ ux is 5 to 6% smaller than the ZM solution. The step
scheme removes the oscillations and it is in closer
agreement with the ZM net heat ¯ ux at the north wall.
However, it departs from the ZM net heat ¯ ux at the south
wall and from the gas temperatures. The FVM results are
slightly better than the DOM with the step scheme, taking
the ZM solution as a reference. They are both in very good
qualitative agreement with the ZM. The gas temperatures
predicted by the DTM are close to the ZM solution, but the
shape of the pro® les reveals a peak near the centre of the
wall which is not physically realistic. The net heat ¯ ux at the
south wall has a small oscillation, and at the north wall the
errors are larger than in other methods.

5. RADIATIVE PROPERTIES OF COMBUSTION
PRODUCTS

Combustion products can be divided into two main
categories; gases, such as water vapour, carbon dioxide,
carbon monoxide, nitrous oxide, and particles like soot, fuel
droplets, pulverized coal, ¯ y-ash and char. In order to apply
one of the methods presented to solve the radiation heat
transfer in combustion systems, it is necessary to know the
radiative properties of the combustion products. In the next
section, a brief presentation of the most commonly used
methods in engineering problems to predict the absorption
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Table 1. Description of the 3-D furnace used
in the IFRF M3 trials.

FURACE DIMENSIONS
6.0 ´2.0 ´2.0 m

Wall Temperatures and Emissivities
Floor Ð Tw = 320K; e w = 0.86
Sidewalls Ð
and Ceiling Ð Tw = 1090K; e w = 0.70

Properties of the Medium
Tg = measured (see Figure 3)
ka = 0.2 m- 1

Figure 3. Measured gas temperatures (K) for the IFRF-M3 trial case (taken
from Hyde and Truelove55).

Figure 4. Predicted incident radiant ¯ uxes to the ¯ oor and roof of the
furnace.

Table 2. Description of the 3-D furnace
idealized by MengucË and Viskanta57 .

FURNACE DIMENSIONS
4.0 ´2.0 ´2.0 m

Wall Temperatures and Emissivities
Firing-end Ð Tw = 1200K; e w = 0.86
exit-end Ð Tw = 400K; e w = 0.70
Sidewalls Ð Tw = 900K; e w = 0.70

Properties of the Medium
S = 5.0kW m-3

kc = 0.5m- 1

x = 0.7



coef® cient of gases will be given. Furthermore, the
scattering and absorption coef® cients, and the phase
functions of particles will be treated emphasizing the
important case of spherical particles.

Radiative Properties of Gases

Gases found in combustion processes do not scatter
radiation signi® cantly but some of them are strong absorbers
and emitters (namely water vapour and carbon dioxide,
amongst others). Therefore, the variation of its radiative
properties with the electromagnetic spectrum must be
accounted for. Spectral calculations for engineering appli-
cations are performed by dividing the wavelength spectrum
into several bands. In each band the radiative characteristics
(absorption and emission) are usually considered to be
either uniform or to change following a pre-de® ned
functional form. By narrowing the width of the bands,
better accuracy is achieved. The most accurate approach for
gas radiative transfer calculations is the line-by-line

approach which consists in considering, at a given wave
number, the contribution of each particular line58,59.
However, line-by-line calculations are not practical for
engineering calculations.

The following models are usually employed in engineering
applications:

· Narrow-band models60,61 (constructed from spectral
absorption and emissions lines by imposing a line shape
and an arrangement of lines). There are basically two line
arrangements extensively used, addressed to as the Elsasser
model (lines are of uniform intensity and equally spaced)
and the Goody model (intensity distribution and location of
lines are randomly chosen);

· Wide band models62±65, where the pro® le of each band is
approximated to simple shapes (triangular, box, or an
exponentially decaying function can be used). The most
commonly used model is the exponential wide-band
model66.

· More recently, Denison and Webb67,68 presented a new
model for predicting the radiative properties of the main
gaseous species in high temperature environments denoted
as the Spectral-Line Weighted-Sum-of-Gray-Gases (SLW).
The parameters in the SLW model are obtained directly
from the line-by-line spectra of the relevant species (e.g.
H2O and CO2). The biggest advantage of this model is that it
allows the absorption coef® cient to be the basic radiative
property rather than the transmissivity or emissivity.
Therefore, it can be used with any arbitrary solution
method for the RTE.

Radiative Properties of Particles

Analysis of radiation heat transfer in systems where
combustion takes place usually necessitates accounting for
the effects of particulates, such as soot, fuel droplets, char,
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Figure 5. Predicted gas temperatures at the centre line of a) plane x = 0.4 m; b) plane x = 2.0 m; c) plane x = 3.6 m (taken from Coelho et al.52).

Figure 6. Predicted incident heat ¯ ux at a) the south wall; b) the north wall
(taken from Coelho et al.52).



¯ y-ash and pulverized coal, whenever they are present in
these systems. It is therefore necessary to know the radiative
properties of polydispersions. These properties depend
mainly on the particle size and size distribution, the value
of the complex refractive index and its spectral dependency,
the number density for each type of particle and the shape of
the particles. Size and shape of particles are the two
characteristics that commonly decide the method used to
predict radiative properties.

Spherical particles
None of the particles present in the combustion products

are either homogeneous or spherical. Nevertheless, in most
of the situations particles can be approximated as spheres
and in that case, depending on its size, speci® c theories can
be applied.

The most extensively used model to predict the radiative
properties of spherical particles is the Mie theory.
Following this theory, the spectral absorption and scattering
coef® cients (which are the most important quantities
needed for radiation heat transfer analysis) can be evaluated
from:

ka,s =
¥

0

p r2Qa,s(x, k )f (r)dr (16)

Qa,s is the corresponding ef® ciency factor, given by the
Mie calculations, which depend on the size parameter
(x = 2 p r / k ) and the refractive index (m = n + ik), and f (r)
is the normalized size distribution function.

The Mie theory for spheres has been treated quite
extensively by several authors69±72 and some extension to
other simple shapes like coated spheres and cylinders71,73,
elliptic cylinders74 and spheroids have been presentedÐ see
Viskanta and MengucË 14 for a more extensive review.

When it is possible to assume that particles are spheres,
although the Mie theory delivers the exact solution, there
are several cases where its use can be avoided. It should be
mentioned that, although the calculations for the ef® ciency
factors of spheres are not excessively time-consuming, due
to the variation of the size of the particles in space and time
inside the chambers, the codes might become impractical.

It is desirable to have simple approximations for the
ef® ciency factors. If the particles are small in size compared
to the wavelength (size parameters x p 1) the following
Rayleigh limit of the Mie theory expressions are obtained69:

Qs = 8

3

m2 - 1

m2 + 1

2

x4 (17)

and

Qa = -4x Im
m2 - 1

m2 + 1
(18)

Due to the fact that the value of x in the Rayleigh
approximation is much smaller than unity, extinction is
dominated by absorption.

Unfortunately, the combustion particles that may be
assumed as spheres (like fuel droplets, coal particles or char)
present typical size parameters that do not fall into the
Rayleigh limit. For the cases where particles have a size
parameter much larger than unity the scattering is mainly
a re¯ ection process and hence can be calculated from

relatively simple geometric re¯ ection relations71. On the
other hand, soot primary particles present size parameters
usually much smaller than unity. Nevertheless, the use of
Rayleigh theory can be questionable because only at the
beginning of soot formation do soot particles appear as
individual spherelike units. In a relatively early stage
of formation, soot particles tend to agglomerate forming
large branched chain-like structures that act like fractal
material75±77. However, the optical size parameter for the
relevant wavelengths (i.e. infrared) in the radiative heat
transfer within combustion chambers is still small thus
Rayleigh theory can be applied. Otherwise, an alternative
approach that takes into account the fractal nature of these
agglomerates is the Rayleigh-Debye-Gans theory for Fractal
AggregatesÐ RDG-FA78±82. Figure 7 illustrates the different
approaches used to model the radiative properties of
spherical particles according to the size of the particles
and the dimension of the refractive index of the particles.

Phase functions
In most of the combustion chambers where particles

exist, scattering of radiation by particles must be properly
accounted for. The out-scattering term present in the RTE,
equation (1), can be easily calculated if the scattering
coef® cient is known. Nevertheless, for the evaluation of the
in-scattering term, the phase function needs to be known.
The phase function, along with other radiative properties,
can be obtained either through the exact solution of
Maxwell’ s equations (for simple shapes like spheres or
cylinders) or from some approximation. A convenient way
of calculating the phase functions is obtained through the
expansion in a series of Legendre polynomials:

U (h ,w) = anPn(h , w) (19)

where Pn is the Legendre polynomial of degree n and an a
coef® cient that can be obtained by the orthogonality
relations of Legendre polynomials. For n = 0, the phase
functions becomes unity which stands for isotropic scatter-
ing. For N = 1 the linear anisotropic phase functions
appears:

U (h )= 1 + a1 cos h (20)

For n = 2 the phase functions represent the second degree
anisotropic scattering. For the special case of a1 = 0 and
a2 = 0.5, the Rayleigh scattering phase function appears.
Most of the particles encountered in combustion chambers
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Figure 7. Different approaches used to model the radiative properties of
spherical particles according to size and refractive index.



scatter radiation predominantly in the forward direction.
Such a scattering behaviour can be modelled using a Dirac
delta function. The delta-Eddington approximation is
commonly used which is written as83:

U k (h ) = 2fk d (1 - cos h )+ (1 + fk )(1 + 3gk cos h )

(21)

where f and g are related to the expansion coef® cients an.
In summary, most particles found in combustion

chambers exhibit complex geometries and a wide variety
of sizes and refractive indices. Therefore, further research is
required in order to produce a tractable way of including
these effects in practical applications. However, from an
engineering point of view, small particles (when compared
with the relevant wavelength) such as soot can be treated
using the Rayleigh theory, while the radiative properties of
larger particles like coal or fuel droplets (with a spherical
shape) can be calculated using the well known Mie theory.

6. CONCLUSIONS

The paper presents a review of methods used in
engineering to predict radiative heat transfer in combustion
chambers. The paper is mainly divided in two parts. The ® rst
part concentrates on a description of radiation models,
where special attention is given to the Discrete Transfer,
Discrete Ordinates and Finite Volume methods. The
performance of the most commonly used models is analysed
and compared for a variety of well established test cases,
including two and three-dimensional rectangular and
cylindrical enclosures. From an engineering point of view,
it can be concluded that the existing radiation models are
satisfactory at least for non-scattering situations. However,
its application to combustion chambers requires knowledge
of the radiative properties of the combustion gases and
particulates.

The second part of the paper deals with the methods used
to predict the radiative properties (i.e. absorption, scattering
coef® cients and phase function) of the participating media
found in combustion products. While knowledge of the
spectral variation of the radiative properties of gaseous
species appears to be a well known subject, modelling of the
radiative properties of particles continues to be a major
problem within the radiation ® eld. In fact, particle size,
shape, refractive index and morphology along with the
respective distribution functions require further research in
order to produce a tractable way of including these effects in
practical applications.
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